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In this paper, using the properties of the moments of p-adic
measures, we establish some identities and Kummer likewise
congruences concerning Euler numbers and polynomials. In the
preliminaries, we introduce the Laplace transform which is an
important tool for the determination of the moments of p-adic
measures. We also give a sequence (dn)n linked to Euler numbers
and which satisﬁes the same type of congruences and identities as
the Euler numbers. At the end, for p = 2, we give congruences on
Euler numbers involving the sequence (dn)n .
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0. Introduction
In all the text, p is a prime number and q is a nonnegative integer.
The Euler generalized numbers E(q)n of order q are deﬁned by the following generating function
(
1
cosh t
)q
=
∑
n0
E(q)n
tn
n! .
The numbers E(1)n = En are the classical Euler numbers. Euler numbers are important in number
theory and in combinatorial analysis. This is why many authors work on the properties of these
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H. Maïga / Journal of Number Theory 130 (2010) 1590–1601 1591numbers (see for instance [4,5,7,8]). Thus, a classical result, due to Stern for which G. Liu [5] and
M.-S. Kim [6] give a new proof is the following
E2n ≡ E2m
(
mod 2k
)
if and only if 2n ≡ 2m (mod 2k). (1)
The Euler generalized polynomials E(q)n (t) of order q are deﬁned by(
2
ez + 1
)q
etz =
∑
n0
E(q)n (t)
tn
n! .
The polynomials E(1)n (t) = En(t) are the classical Euler polynomials. Using the p-adic mean value
theorem due to A. Robert, A. Junod [4] establishes the following result
E(q)m+np(a) ≡ E(q)m+n(a) (mod npZp) for anym 0 (2)
where p is odd, a ∈ Zp , n and r are two nonnegative integers.
The main purpose of this paper is to give some identities and the results similar to (1) on Euler
classical numbers (Theorem 5) and the generalized Euler numbers E(q)n (Theorem 6), and congru-
ences (2) on Euler polynomials En(a) and Euler generalized polynomials E
(q)
n (a) (Theorems 8 and 9)
(with a ∈ Zp) by considering these numbers as moments of appropriate p-adic measures when p is
odd. We also study sequence of numbers (dn)n0 linked with Euler numbers (Proposition 11) which
satisﬁes the same types of congruences for any prime number p (Theorem 13) and some identities
that these numbers satisfy. We also give, for p = 2, congruences involving the sequence (dn)n0 for
the Euler numbers.
Note that, most congruences obtained on Euler numbers and polynomials in this paper are similar
to those established by P.T. Young [8] on the Bernoulli, Euler and Stirling numbers.
1. Preliminaries
We denote by Qp the ﬁeld of p-adic numbers, by Zp the ring of p-adic integers, by Ω(Zp) the
Boolean algebra of clopen subset of Zp , by | · | the p-adic absolute value and by K a complete ultra-
metric valued ﬁeld which is an extension of Qp and by C(Zp, K ) the Banach algebra of the continuous
functions from Zp into K provided with the norm of uniform convergence, ‖ f ‖∞ = supx∈Zp | f (x)|.
Deﬁnition 1. A measure on Zp is an additive map μ :Ω(Zp) −→ K such that
‖μ‖ = sup
U∈Ω(Zp)
∣∣μ(U )∣∣< +∞. (3)
One denotes by M(Zp, K ) the space of measures on Zp . Provided with the norm deﬁned by (3),
M(Zp, K ) is an ultrametric K -Banach space which is isometrically isomorphic to the Banach dual
space C(Zp, K )′ of C(Zp, K ). With this isomorphism, the norm of a measure μ ∈ M(Zp, K ) is given
also by the following formula
‖μ‖ = sup
f ∈C(Zp ,K ), f =0
|〈μ, f 〉|
‖ f ‖∞ , (4)
where ‖.‖∞ denotes the norm of uniform convergence of C(Zp, K ).
Let μ,ν ∈ M(Zp, K ) be two p-adic measures on Zp ; one deﬁnes the convolution product μ  ν of
μ and ν by setting
1592 H. Maïga / Journal of Number Theory 130 (2010) 1590–1601〈μ  ν, f 〉 = 〈ν, 〈μ, f (x+ y)〉〉= ∫ ∫
Zp×Zp
f (x+ y)dμ(x)dν(y).
For μ ∈ M(Zp, K ), the measure μ  μ  · · ·  μ︸ ︷︷ ︸
m terms
is noted by μm , where m is an integer  1.
Let δa be the Dirac measure at the point a ∈ Zp . We remind that any measure μ ∈ M(Zp, K )
can be expanded in the form of a weakly convergent series μ =∑n0〈μ, Qn〉ωn , with ω = δ1 − δ0
(where ω0 = δ0 is the unit of M(Zp, K ), ωn denotes the measure ωn), Qn being the n-th binomial
polynomial; these polynomials form the Mahler basis. The norm of μ is also given by
‖μ‖ = sup
n0
∣∣〈μ, Qn〉∣∣. (5)
Provided with the norm deﬁned above and with the convolution product, M(Zp, K ) becomes a unital
K -Banach algebra which is isometrically isomorphic to the algebra of the formal power series with
bounded coeﬃcients K 〈X〉 = {S =∑n0 an Xn, ‖S‖ = supn0 |an| < ∞}. Thus, in M(Zp, K ) the norm
is multiplicative.
Moreover, by a well-know result on formal power series with bounded coeﬃcients (cf. [2]), a mea-
sure μ ∈ M(Zp, K ) is invertible if and only if ‖μ‖ = |〈μ, Q 0〉| = 0.
Lemma 1. For a ∈ Zp − {0}, the measure δa + δ−a is invertible if and only if p  3.
But, the measure μa = δa + δ−a − δ0 is invertible for any prime number p.
Proof. When a, b ∈ Zp , one has δa  δb = δa+b . Hence δa is an invertible measure and its inverse is
equal to δ−a; moreover δa =∑n0 (an)ωn and ‖δa‖ = supn0 |(an)| = 1 = |〈δa, Q 0〉| = ‖δ−a‖. Therefore,
one has ‖δa + δ−a‖ 1.
For a ∈ Zp − {0}, there exists n such that |pn| < |2a| what implies that −a /∈ a + pnZp . Thus, one
has 〈δa + δ−a,χa+pnZp 〉 = 1 ⇒ 1 ‖δa + δ−a‖, where χa+pnZp denotes the characteristic function of
a + pnZp . It follows that ‖δa + δ−a‖ = 1.
By the same way, we show that ‖μa‖ = 1.
• If p = 2, one has |〈δa + δ−a, Q 0〉| = |2| = 12 = ‖δa + δ−a‖; thus δa + δ−a is not invertible.• If p  3, one has |〈δa + δ−a, Q 0〉| = |2| = 1 = ‖δa + δ−a‖; hence δa + δ−a is invertible.
On the other hand, one has |〈μa, Q 0〉| = 1 = ‖μa‖. Hence μa is an invertible measure for any prime
number p. 
In the sequel, if μ is an invertible measure, its inverse will be denoted by μ〈−1〉 .
Deﬁnition 2. Let μ ∈ M(Zp, K ) be a measure. One calls moment of order n of μ, the element mn ∈ K
deﬁned by mn =
∫
Zp
tn dμ(t).
The formal power series w(z) =∑n0mn znn! is called the exponential generating function of the
sequence (mn)n0.
Lemma 2. Let μ ∈ M(Zp, K ) be a measure of moment of order n denoted by mn. One has
mrpk+s ≡mrpk−1+s
(
mod pk+
)
(6)
where  = [ log‖μ‖log |p| ] is the integral part of the real number log‖μ‖log |p| , and k, r are positive integers respectively
such that (r, p) = 1, k +  > 0 and s is a nonnegative integer.
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xp
k ≡ xpk−1 (mod pk), and supx∈Zp |xp
k − xpk−1 | p−k for k  1. Thus, r being an integer prime to p
and s a nonnegative integer, one has
mrpk+s −mrpk−1+s =
∫
Zp
(
trp
k+s − trpk−1+s)dμ(t) = ∫
Zp
ts
[(
tr
)pk − (tr)pk−1]dμ(t).
By using (4), one has
|mrpk+s −mrpk−1+s| sup
t∈Zp
∣∣(tr)pk − (tr)pk−1 ∣∣‖μ‖ p−k‖μ‖.
Since μ is bounded, there exists an integer  = (μ) such that |p|+1 < ‖μ‖ |p|; one has
( + 1) log |p| < log‖μ‖  log |p| ⇒  log‖μ‖
log |p| <  + 1.
Therefore  = [ log‖μ‖log |p| ] is the integral part of log‖μ‖log |p| . It follows that |mrpk+s −mrpk−1+s| p−k− , what
means that mrpk+s ≡mrpk−1+s (mod pk+) if k +  > 0. 
1.1. Laplace transform of p-adic measure
In the sequel, one puts Ep = {x ∈ K , |x| < ρ} with ρ = |p|
1
p−1 the p-adic radius of convergence of
the exponential. For z ∈ Ep , the map exp(•z) :Zp −→ K deﬁned by exp(•z)(t) = exp(tz) is continuous.
Deﬁnition 3. For z ∈ Ep and μ ∈ M(Zp, K ), one puts
Lp(μ)(z) =
∫
Zp
etz dμ(t) = 〈μ,exp(•z)〉.
The function Lp(μ) is called the Laplace transform of the measure μ.
A function f : Ep −→ K is said to be an analytic function if there exists a sequence (an)n0 ⊂ K
such that, for any z ∈ Ep , f (z) can be written in the form of the convergent series f (z) =∑n0 anzn .
If ‖ f ‖ρ = supn0 |an|ρn < +∞, then f is said to be of bounded coeﬃcients. Notice that in this
case the function f is a bounded function on Ep . Together with the product of functions and the
norm ‖ · ‖ρ the space Ab(Ep) of analytic functions on Ep with bounded coeﬃcients is a K -Banach
algebra. Let us notice that any element of this algebra is uniformly bounded. Moreover, if K is of
dense valuation, then the uniform norm coincides with the norm ‖ · ‖ρ (cf. for instance [3]).
Proposition 3. For μ ∈ M(Zp, K ), Lp(μ) is a bounded analytic function on Ep : it corresponds to the expo-
nential generating function of the moments of μ.
The Laplace transform, Lp :M(Zp, K ) −→ Ab(Ep), is a continuous, injective, homomorphism of K -Banach
algebras.
Furthermore, if μ ∈ M(Zp, K ) is invertible, then one has Lp(μ〈−1〉) = Lp(μ)−1 and ‖Lp(μ)‖ρ = ‖μ‖.
Proof. Let z ∈ Ep be ﬁxed. The sequence of functions (Sn)n0 on Zp deﬁned by Sn(t) =∑nk=0 tk zkk!
converges uniformly towards the continuous function t −→ etz . Hence, μ ∈ M(Zp, K ) being a measure
on Zp which moment of order n denoted by mn , interwining the integral and the sum, one has
1594 H. Maïga / Journal of Number Theory 130 (2010) 1590–1601Lp(μ)(z) =
∫
Zp
(∑
n0
tn
zn
n!
)
dμ(t) =
∑
n0
(∫
Zp
tn dμ(t)
)
zn
n! =
∑
n0
mn
zn
n! .
Thus the function Lp(μ) is the exponential generating function of the moments of μ.
Let us recall that, for n  1, one has |n!| = |p|
n−Sp (n)
p−1 = ρn−Sp(n) , where Sp(n) is the sum of the
digits in the expansion of n in base p. In this case∣∣∣∣mnn!
∣∣∣∣ρn = |mn|ρ Sp(n)  ρ‖μ‖ ⇒ sup
n1
∣∣∣∣mnn!
∣∣∣∣ρn  ρ‖μ‖.
Hence, one has ‖Lp(μ)‖ρ = supn0 |mnn! |ρn max(|m0|,ρ‖μ‖) ‖μ‖. Thus Lp(μ) ∈ Ab(Ep).
• Let us write Lp(μ)(z) =∑n0 an znn! and Lp(ν)(z) =∑n0 bn znn! for the respective Laplace trans-
forms of μ and ν , two elements of M(Zp, K ). For t and t′ ∈ Zp and z ∈ Ep , one has
exp
((
t + t′)z)= ∑
n0
(
t + t′)n zn
n! =
∑
n0
[ ∑
i+ j=n
(
n
j
)
tit′ j
]
zn
n! .
Thus, the analytic function with bounded coeﬃcients which is Laplace transform of the measure μν
is given by Lp(μ  ν)(z) =∑n0 cn znn! with cn =∑i+ j=n (nj)aib j . Moreover, one has
Lp(μ ∗ ν)(z) =
∑
n0
[
n∑
j=0
(
n
j
)
a jbn− j
]
zn
n! =
[∑
n0
an
zn
n!
]
×
[∑
n0
bn
zn
n!
]
= Lp(μ)(z)Lp(ν)(z).
It is readily seen from the deﬁnition of Lp that Lp(μ + ν) = Lp(μ) + Lp(ν) and Lp(δ0) = 1. Thus
Lp is a linear map and is an algebras homomorphism; moreover it is continuous.
• Let μ ∈ M(Zp, K ) be a measure which moment of order n denoted by mn . One has Lp(μ)(z) = 0
that is
∑
n0mn
zn
n! = 0, for any z ∈ Ep if and only if mn =
∫
Zp
tn dμ(t) = 0, ∀n 0.
Since Qn = 1n!
∑n
j=0 s(n, j)t j , where s(n, j) are the Stirling numbers of ﬁrst kind, one has
〈μ, Qn〉 = 1n!
∑n
j=0 s(n, j)mj = 0, ∀n  0. It follows that μ =
∑
n0〈μ, Qn〉ωn = 0 and we conclude
that Lp is injective.
• Let μ ∈ M(Zp, K ) be an invertible measure. One has 1 = Lp(δ0) = Lp(μ ∗ μ〈−1〉) =
Lp(μ)Lp(μ〈−1〉) what implies that Lp(μ〈−1〉) = Lp(μ)−1.
Moreover, denoting the moment of order n of μ by mn , one has Lp(μ)(z) =∑n0mn znn! and‖μ‖ = |〈μ, Q 0〉| = |m0| = 0. As |m0| ‖Lp(μ)‖ρ  ‖μ‖, one has ‖Lp(μ)‖ρ = ‖μ‖. 
Lemma 4. One has Lp(δa)(z) = eaz where δa is the Dirac measure at the point a ∈ Zp . Therefore, for z ∈ Ep ,
one has Lp(w)(z) = ez − 1 and Lp(δa + δ−a)(z) = 2cosh(az).
Proof. Let a ∈ Zp and let δa be the Dirac measure at the point a. For any function f :Zp −→ K , one
has
∫
Zp
f (t)dδa(t) = f (a). Thus, the Laplace transform of δa is Lp(δa)(z) = eaz . Therefore, for z ∈ Ep :
Lp(w)(z) = Lp(δ1 − δ0)(z) = ez − 1 and Lp(δa + δ−a)(z) = eaz + e−az = 2cosh(az). 
2. Identities and congruences concerning Euler numbers and polynomials
Theorem 5. Assume p  3; one has the following congruences
Erpk+s ≡ Erpk−1+s
(
mod pkZp
)
, (7)
where r, k and s are integers such that (r, p) = 1, k 1 and s 0.
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One has for z ∈ Ep
Lp
(
2(δ1 + δ−1)〈−1〉
)
(z) =
[
Lp
(
1
2
(δ1 + δ−1)
)
(z)
]−1
= 1
cosh z
=
∑
n0
En
zn
n! .
Hence En is the moment of order n of the measure 2(δ1 + δ−1)〈−1〉 which norm is equal to 1. Thus,
by applying Lemma 2, one obtains (7). 
Theorem 6. Let q be a nonnegative integer. For p  3, the generalized Euler numbers E(q)n satisfy the following
congruences
E(q)
rpk+s ≡ E
(q)
rpk−1+s
(
mod pkZp
)
, (8)
where r, k and s are integers such that (r, p) = 1, k 1 and s 0.
Moreover, one has
E(q)n =
∑
j+k=n
(
n
j
)
E(q−1)j Ek. (9)
Proof. The relation (8) is trivially satisﬁed when q = 0 because E(0)n =
{
1, if n = 0,
0, else.
Let us suppose that q  1. For μ ∈ M(Zp, K ), one has Lp(μq)(z) = [Lp(μ)(z)]q . Thus, putting
μ = 2(δ1 + δ−1)〈−1〉 and μq = μq = (2(δ1 + δ−1)〈−1〉)q , one has
Lp(μq)(z) =
[Lp(μ)(z)]q = ( 1
cosh z
)q
=
∑
n0
E(q)n
zn
n! .
Hence E(q)n is the moment of order n of the measure μq . Since the norm on M(Zp, K ) is multiplicative,
one has
‖μq‖ =
∥∥μq∥∥= ‖μ‖q = ∣∣2q∣∣∥∥(δ1 + δ−1)〈−1〉∥∥q = 1, for p  3.
By applying Lemma 2, one obtains (8) for q 1.
On the over hand, as μq = μ(q−1)  μ, by noticing that Lp(μq)(z) = Lp(μ(q−1))(z)Lp(μ)(z) one
obtains (9). 
Let us suppose p  3, and let us consider β a root of unit of order p−1 in Zp , distinct from 1 (one
has too |β − 1| = 1). Setting νβ(Zp) = 1 and νβ(a + pnZp) = βa for n  1 and a ∈ {0,1, . . . , pn − 1},
we can deﬁne a p-adic measure νβ :Ω(Zp) −→ K (see [1, p. 469, 8.2.2]).
Lemma 7. The measure νβ is invertible. Its Laplace transform is given by
Lp(νβ)(z) = β − 1
βez − 1 .
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|βa| = 1. As any element U of Ω(Zp) is the union of balls of the form a + pnZp , one has
‖νβ‖ = supU∈Ω(Zp) |νβ(U )| 1. Since Q 0 is equal to the characteristic function of Zp , one has〈νβ, Q 0〉 = νβ(Zp) = 1 and 1 = |〈νβ, Q 0〉|  ‖νβ‖  1. Hence ‖νβ‖ = |〈νβ, Q 0〉| = 1 and νβ is in-
vertible.
For z ∈ Ep one has
∫
Zp
etz dνβ(t) = limn−→∞∑pn−1a=0 eazβa = limn−→∞ epnzβ pn−1βez−1 and
ep
nzβ p
n − 1
βez − 1 =
βep
nz − 1
βez − 1 =
β(ep
nz − 1) + (β − 1)
βez − 1 =
β(ep
nz − 1)
βez − 1 +
β − 1
βez − 1 .
As limn−→∞(ep
nz − 1) = 0, the Laplace transform of the measure νβ is given by
Lp(νβ)(z) =
∫
Zp
ezt dμ(t) = lim
n−→+∞
βep
nz − 1
βez − 1 =
β − 1
βez − 1 . 
As we shall see, the classical Euler polynomials have a p-adic measure theoretical and congruences
interpretation.
Theorem 8. Let a ∈ Zp ; for p  3, one has the following congruences on Euler polynomials
Erpk+s(a) ≡ Erpk−1+s(a)
(
mod pkZp
)
(10)
where r, k and s are integers such that (r, p) = 1, k 1 and s 0.
Proof. Obviously −1 is a (p − 1)-th root of 1 for p  3; thus ν−1 is deﬁned.
Let a ∈ Zp and z ∈ Ep ; one has
Lp(ν−1  δa)(z) = Lp(ν−1)(z)Lp(δa)(z) = 2e
az
ez + 1 =
∑
n0
En(a)
zn
n!
and (En(a))n is the classical sequence of Euler polynomials. Hence the moment of order n of the
measure ν−1  δa is mn,a = En(a).
One has ‖ν−1 ∗ δa‖ = ‖ν−1‖‖δa‖ = 1.
Thus, the sequence (En(a))n satisﬁes the relation (7) (by applying Lemma 2). 
Theorem 9. Let n and q be two nonnegative integers. One has the following identities
E(q)n (0) =
n∑
k=0
(−1)kk!
2k
(
q + k − 1
k
)
S(n,k) (11)
where (S(n,k))0kn are the Stirling numbers of second kind.
Moreover, for a ∈ Zp , one has
E(q)n (a) =
∑
j+k=n
(
n
j
)
E(q)j (0)a
k, (12a)
E(q)
rpk+s(a) ≡ E
(q)
rpk−1+s(a)
(
mod pkZp
)
, if p  3 (12b)
where k, r and s are nonnegative integers such that k 1 and (r, p) = 1.
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Lp
(
ν
q
−1
)
(z) = [Lp(ν−1)(z)]q = ( 2
ez + 1
)q
=
∑
n0
E(q)n (0)
zn
n! .
Hence, the moment of order n of the measure νq−1 is mn,q = E(q)n (0).
On the other hand, for z ∈ Ep , one has
Lp
(
ν
q
−1
)
(z) =
[(
ez − 1
2
)
+ 1
]−q
=
∑
k0
1
2k
(−q
k
)(
ez − 1)k.
Let us remind that (e
z−1)k
k! =
∑
nk S(n,k)
zn
n! for k a nonnegative integer. Thus, one has
Lp
(
ν
q
−1
)
(z) =
∑
k0
(−1)k
2k
(
q + k − 1
k
)
k!
∑
nk
S(n,k)
zn
n!
=
∑
n0
[
n∑
k=0
(−1)kk!
2k
(
q + k − 1
k
)
S(n,k)
]
zn
n! .
Whence one gets (11) by identiﬁcation.
For a ∈ Zp and z ∈ Ep , one has
Lp
(
ν
q
−1 ∗ δa
)
(z) = Lp
(
ν
q
−1
)
(z)Lp(δa)(z) =
(
2
ez + 1
)q
eaz =
∑
n0
E(q)n (a)
zn
n! .
But, as Lp(νq−1)(z) =
∑
n0 E
(q)
n (0)
zn
n! and Lp(δa)(z) =
∑
k0 a
k zk
k! , one has
Lp
(
ν
q
−1 ∗ δa
)
(z) =
[∑
n0
E(q)n (0)
zn
n!
]
×
∑
k0
ak
zk
k! =
∑
n0
[ ∑
j+k=n
(
n
j
)
E(q)j (0)a
k
]
zn
n! .
Thus, by identiﬁcation, one gets (12a).
For a ∈ Zp , E(q)n (a) is the moment of order n of the measure νq−1 ∗ δa such that ‖νq−1 ∗ δa‖ =
‖νq−1‖‖δa‖ = 1. Therefore, applying Lemma 2, one sees that the sequence (E(q)n (a))n satisﬁes the con-
gruences (12b), for q 1.
Now, let us suppose that q = 0; for a ∈ Zp , one has
Lp(δa)(z) = eaz =
(
2
ez + 1
)0
eaz =
∑
n0
E(0)n (a)
zn
n! .
Therefore, one has E(0)n (a) = an , ∀n 0; hence (11), (12a) and (12b) follow immediately. 
Proposition 10. Let p be an odd prime number, and let q and n be two nonnegative integers. One has
E(q)n = 2nE(q)n
(
q
2
)
. (13)
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Now, let us assume that q 1; for z ∈ Ep , one has
Lp
(
ν
q
−1  δq/2
)
(z) =
(
2
ez + 1
)q
e
qz
2 =
∑
n0
E(q)n
(
q
2
)
zn
n! . (14)
But δq/2 = δq1/2 and Lp(νq−1  δq/2)(z) = [Lp(ν−1  δ1/2)(z)]q; hence, one has
Lp
(
ν
q
−1  δq/2
)
(z) =
(
2e
z
2
ez + 1
)q
=
(
1
cosh z2
)q
=
∑
n0
1
2n
E(q)n
zn
n! . (15)
From (14) and (15), one deduces (13) by identiﬁcation. In particular, for q = 1, one ﬁnds the identities
En = 2nEn( 12 ). 
Let (dn)n0 be the sequence deﬁned by the following generating function
1
2cosh z − 1 =
∑
n0
dn
zn
n! .
This sequence (dn)n0 is such that d0 = 1 and d2n+1 = 0, ∀n 0.
Proposition 11. The sequences (dn)n0 and (En)n0 are linked by the following relation
2En = dn −
n−1∑
j=1
(
n
j
)
E jdn− j, for n 2. (16)
Moreover, as for Euler numbers, (dn)n0 satisﬁes the following recursive formula
d2n = −2
n∑
j=1
(
2n
2 j
)
d2n−2 j, for n 1. (17)
Proof. By setting d(z) = 12cosh z−1 , one has 2d(z) = 1+d(z)cosh z = 1cosh z + d(z) × 1cosh z which implies that
2
∑
n0
dn
zn
n! =
∑
n0
En
zn
n! +
(∑
n0
dn
zn
n!
)(∑
n0
En
zn
n!
)
.
From the previous equality, one has the following relation from which, one obtains (16):
2dn = En +
n∑
j=0
(
n
j
)
E jdn− j = dn + 2En +
n−1∑
j=1
(
n
j
)
E jdn− j.
On the other hand, one has
1 = (2cosh z − 1) × 1
2cosh z − 1 =
[
1+
∑
n1
β2n
z2n
(2n)!
]
×
∑
n0
d2n
z2n
(2n)!
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1 =
∑
n0
d2n
z2n
(2n)! +
∑
n0
[ ∑
j+k=n
(
2n
2 j
)
β2 jd2k
]
z2n
(2n)! .
Hence, for n 1, one has
d2n + 2
n∑
j=1
(
2n
2 j
)
d2n−2 j = 0 ⇒ d2n = −2
n∑
j=1
(
2n
2 j
)
d2n−2 j. 
Corollary 12. If n is an integer  1, then one has
d2n ≡ −2 (mod 4).
Proof. First, it follows from (17) that |d2k| |2| when k is an integer  1, for p = 2.
One has d2 = −2 ≡ −2 (mod 4).
Now, let us assume that n  2. Since |(2n2 j)d2n−2 j | |d2n−2 j | |2|, for 1  j  n − 1, one has
d2n + 2 = −2∑n−1j=1 (2n2 j)d2n−2 j ≡ 0 (mod 4) which implies d2n ≡ −2 (mod 4). 
Theorem 13. For any prime number p, the sequence (dn)n0 satisﬁes the following congruences
drpk+s ≡ drpk−1+s
(
mod pk
)
, (18)
where r, k and s are integers such that (r, p) = 1, k 1 and s 0.
Proof. Let us recall that the measure μ1 = δ1 + δ−1 − δ0 is invertible (Lemma 1) and its norm is equal
to 1. Its Laplace transform is given by Lp(μ1)(z) = 2cosh z − 1. Hence, one has
Lp
(
μ
〈−1〉
1
)
(z) = 1
2cosh z − 1 =
∑
n0
dn
zn
n! .
Thus (dn)n is the sequence of the moments of the measure μ
〈−1〉
1 which norm is equal to 1. By
applying Lemma 2, we see that (dn)n0 satisﬁes the congruences (18). 
Using (16), we give now congruences modulo power of 2 concerning Euler numbers.
Lemma 14. Let m be a ﬁxed even integer. If k is a nonnegative integer such that m − 1  2k then for any
integer n such that n ≡m (mod 22k), one has
m−1∑
j=1
(
n
j
)
E jdn− j ≡
m−1∑
j=1
(
m
j
)
E jdm− j
(
mod 2k+1
)
. (19)
Proof. Let k be an integer  1 and n,m be two nonnegative integers which are even such that n ≡
m (mod 22k); then, there exists an integer q such that n = m + 22kq (assuming that n > m). In this
case, if 1 j m − 1, one has the following relationship
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n
j
)
=
(
m + 22kq
j
)
=
j∑
r=0
(
m
j − r
)(
22kq
r
)
=
(
m
j
)
+
j∑
r=1
(
m
j − r
)(
22kq
r
)
,
which implies that
m−1∑
j=1
(
n
j
)
E jdn− j =
m−1∑
j=1
(
m
j
)
E jdn− j +
m−1∑
j=1
[ j∑
r=1
(
m
j − r
)(
22kq
r
)]
E jdn− j.
Therefore, one has
m−1∑
j=1
(
n
j
)
E jdn− j −
m−1∑
j=1
(
m
j
)
E jdm− j =
m−1∑
j=1
(
m
j
)
E j(dn− j − dm− j)
+
m−1∑
j=1
[ j∑
r=1
(
m
j − r
)(
22kq
r
)]
E jdn− j.
For 1 j  22kq − 1, one has (22kqj )= 22kqj (22kq−1j−1 )⇒ |(22kqj )| 2−2k| j| . Moreover, if m− 1 2k , one has
1
|r|  |2|k , for all r such that 1  r m − 1. Thus, since |E j |  1 and |d j |  |2| (Corollary 12), when
p = 2, one has
∣∣∣∣∣
m−1∑
j=1
[ j∑
r=1
(
m
j − r
)(
22kq
r
)]
E jdn− j
∣∣∣∣∣ max1r jm−1
∣∣∣∣
(
m
j − r
)∣∣∣∣
∣∣∣∣
(
22kq
r
)∣∣∣∣|E j||dn− j|
 max
1r jm−1
2−2k
|r| × 2
−1  2−k−1.
This gives (19) since dn− j ≡ dm− j (mod 2k+1) for 1 j m − 1. 
Proposition 15. Let m be a ﬁxed even integer. If k is a nonnegative integer such that m − 1 2k then for any
integer n such that n ≡m (mod 22k), one has
2(En − Em) +
n−1∑
j=m
(
n
j
)
E jdn− j ≡ 0
(
mod 2k+1
)
. (20)
Proof. Let n and m be two nonnegative integers; one has
2(En − Em) = (dn − dm) −
n−1∑
j=1
(
n
j
)
E jdn− j +
m−1∑
j=1
(
m
j
)
E jdm− j
= (dn − dm) −
[
m−1∑
j=1
(
n
j
)
E jdn− j −
m−1∑
j=1
(
m
j
)
E jdm− j
]
−
n−1∑
j=m
(
n
j
)
E jdn− j.
Hence, when m is ﬁxed and n and m satisfy n ≡m (mod 22k), one has
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n−1∑
j=m
(
n
j
)
E jdn− j = (dn − dm) −
[
m−1∑
j=1
(
n
j
)
E jdn− j −
m−1∑
j=1
(
m
j
)
E jdm− j
]
.
Since dn ≡ dm (mod 2k+1) by Theorem 13 and ∑m−1j=1 (nj)E jdn− j ≡∑m−1j=1 (mj )E jdm− j (mod 2k+1) by
Lemma 14, the relation (20) follows immediately. 
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